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This is a comment on the preprint arXiv:1809.07771v2 by W. Ji and X.-G. Wen.
In the preprint “A continuous topological phase transition between 1D antiferromagnetic spin-1 boson superfluids”
W. Ji and X.-G. Wen take the approach based on the models two-leg fermionic ladders1. The spin liquids they refer
to emerge as low energy limits of models of coupled fermionic chains (the so-called fermionic ladders). Away from
half filling the U(1) symmetric sector of the theory containing excitations of total charge decouples from the rest. The
remaining part of the Hilbert space which has U(1)×SU(2)× Z2 symmetry can exist in different phases depending
on the interactions. The authors are interested in gapped phases and argue that there is one among them which is
topologically nontrivial (similar to the Haldane phase of S=1 antiferromagnetic chain) and consider transitions into
topologically trivial phases.
The models of fermionic ladders have been intensively studied during more than 20 years and the authors re-derive
some of the results obtained before. In particular, they use the fact that once the total charge sector is factored out
the model can be recast in terms of six Majorana fermions. This approach has been used before2–5, see also6 for
the case of purely spin ladders. The Majorana fermions can be introduced using the bosonization and subsequent
refermionization. Namely, one uses the bosonization formulae for the right-moving fermionic fields with spin projection
σ/2 located on chains p = ±1 (see also7):
Rpσ =
κpσ√
2pia0
exp[i
√
pi(ϕc + pϕf + σϕs + pσϕsf )], p = ±1;σ = ±1, (1)
and likewise for the left-moving ones with ϕ¯ bosonic fields satisfying the standard commutation relations. Then the
Majorana fermions are defined as
ξ1a + iξ2a =
ηa√
pia0
ei
√
4piϕa , a = c, f, s, sf. (2)
Here κpσ, ηa are Klein factors. The Majoranas can be naturally gathered into groups; the fermions ξ1s, ξ2s, ξ1sf
constitute the SU(2) triplet from SU2(2) Kac-Moody algebra, ξ2sf is a singlet under this algebra and ξ1f , ξ2f transform
under U(1) (O(2)).
As was demonstrated many times, including the aforementioned papers, the most general low energy theory for
the two-leg fermionic ladder with the U(1) factored out is the one of 6 massless Majorana fermions with four fermion
interactions :
L =
6∑
i=1
[
ξ¯i(∂τ − iv∂x)ξ¯i + ξi(∂τ + iv∂x)ξi
]
+ gcf (ξ¯f1ξf1 + ξ¯f2ξf2)
2
−(ξ¯f1ξf1 + ξ¯f2ξf2)
(
gcs,+
∑
b=s1,s2,sf1
ξ¯bξb + gcs,−ξ¯sf2ξsf2
)
−gs,+
∑
s1,s2,sf1;a>b
(ξ¯aξa)(ξ¯bξb)− gs,−
∑
a=s1,s2,sf1
(ξ¯aξa)(ξ¯sf2ξsf2). (3)
There is indeed the SU2(2) critical point where the three Majorana fermions s1, s2, sf1 are massless; it realized when
the bare couplings satisfy gcs,− = 0, gs,− = 0, gs,+ < 0. Small deviations of gcs,−, gs,− from zero drive the system into
different phases of the ladder, but the perturbing operators include for fermions and not two, as is stated in1. The
case of small deviations was analyzed in4.
The phase diagram of doped fermionic ladder has also been studied2–4. It includes two phases with quasi long range
superconducting order and two phases with quasi long range charge density wave order. In4 the corresponding order
parameters which are bilinear in terms of the original fermions were expressed in the language of the SU(2)2×SU(2)2
Wess-Zumino model. In this language they are products of bosonic exponents from the U(1) sector and spin S=1/2
operators from the orbital and spin SU2(2) sectors respectively. The problem of topological order has not been
2raised, but in the view of existence of local order parameter operators sensitive to external perturbations existence of
topological phases appears unlikely.
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